Abstract-A simple and efficient approach for varying the inherent stiffness and impedance of a muscle-like actuator is presented. The basic architecture of PZT cellular actuators has already achieved a large effective strain (10-20%). This architecture is modified and extended so that each cellular unit can be switched between a zero compliance state and constant compliance state. The effective stiffness of the cellular actuator is varied by changing the distribution of cellular units in the rigid versus compliant state. Furthermore, by placing a multitude of these cellular units in series or parallel, the stiffness can vary within a large set of discrete values. This paper also demonstrates the viability of the variable stiffness cellular actuator for cyclic tasks such as running and flapping. The basic principle and design concept for the actuator is described, followed by force-displacement analysis. A dynamic model is then constructed to demonstrate the variable resonance properties of the actuator under load.
I. INTRODUCTION
or the last three decades, a challenge within the robotics community has been to develop an actuator technology that can vary its inherent stiffness over a wide range and generate "natural" motions such as running, flapping, and jumping. Standard DC/AC motors with gearing cannot easily provide natural motions. Thus, there are two main challenges in actuator design for robotics: achieving variable stiffness and creating natural periodic motions.
The challenge of achieving variable stiffness has been studied by several groups. An explicit treatment of variable stiffness robotic finger joints began in the late 1980's and early 1990's (e.g. [1] ). More recently, Hurst and Chestnutt [2] use inspiration from the spring-loaded inverted pendulum (SLIP) model [3] to propose a variable stiffness leg system. Variable stiffness joints are also important for safe humanrobot interactions [4] , [5] . One unifying theme in the literature is the use of traditional electromechanical actuators.
In the case of natural periodic motions such as running or flapping, it may be beneficial to operate the system at a resonant frequency. More specifically, resonance offers many important advantages for robotics applications:
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• By definition, the resonant displacement amplitude of an actuator is larger than its static stroke, which is valuable for actuators having limited strain, such as PZT.
• When operating at resonance, the actuator's power efficiency and force transmissibility are excellent. This is an important property for mobile robots and other applications with limited energy sources.
• Control of the system is simplified in that the system is not required to be stable. More specifically, an ideal resonant system is unstable in a BIBO sense.
The idea of utilizing natural frequencies in robotic systems has its roots in the hopping robots of Raibert [6] . It has also been demonstrated that traditionally stiff actuators can resonate with the load by introducing a series elastic stiffness in the drive train [7] . More recently, flapping-flight robots have incorporated compliant elements to efficiently achieve desired wing rotation and flapping frequencies [8] , [9] . The work in [10] and [11] explicitly maximizes resonance amplitude for piezoelectric materials and electrostrictive materials, respectively. Furthermore, animals, especially humans, prefer gait frequencies that closely correspond to the pendular resonant frequency of their limbs because it is energetically favorable and it appears to simplify the neural control of movement [12] . This paper presents a new design methodology for both variable stiffness and resonance by using actuators based on a cellular architecture. The cellular architecture is largely inspired by skeletal muscles, which consist of myriad small functional units. The philosophy of cellular architecture, as applied to robotic actuators, is to mass produce simple actuator units called cells and build an actuator using a collection of these cells [13] , [14] . The collective properties and outputs of the actuator may then be varied by recruiting the necessary number of cells.
Presently, cellular architecture is applied directly to piezoelectric actuators. Piezoelectric materials, specifically PZT, exhibit high bandwidth, large stress capacity, and high efficiency. The major drawback of these materials is their small strain on the order of 0.1%. Recently, however, a technique has been developed to amplify the strain of PZT using a multiplicative effect based on nested flexure design [15] . The operating principle of the individual flexures is similar to the design in [16] . The resulting strains of prototype systems are over 20% and the bandwidth of a single actuator unit is over 60 Hz [17] . This paper greatly extends the authors' previous work in cellular architecture and shows, for the first time, its usefulness in variable stiffness and variable resonance systems. Section II of this paper presents the concept for PZT variable stiffness cellular actuators (PZT-VSCA) and Section III will address the dynamics of variable stiffness cellular actuators with an emphasis on resonance. The analysis will show that switching between numerous combinations of individual cell states can generate diverse stiffness levels and resonant frequencies that meet task specifications. Fig. 1 shows the concept of nested-flexure PZT cellular actuation. Fig. 1-(a) shows a prototype of serially connected PZT cellular actuators. The six cellular units connected in series yield a 65 mm net body length that can produce 7 mm total free displacement and a 5 N blocking force. Each cellular unit (shown in Fig. 1-(b) ) consists of a pair of PZT stacks and double-layer nested flexures that amplify the PZT displacement by a combined factor of 20. As a voltage is applied to the PZT stacks, the first layer flexure is pushed outward along the Z direction, which results in an outward amplified displacement in the X direction. The second layer flexure is also pushed outward in the X direction, which results in a further amplified displacement in the inward Y direction. Therefore, a contraction force is generated along the Y-axis output as the PZT stacks are activated. This contractile double-layer flexure design allows the connection of multiple units in series without buckling. Fig. 2 shows a modification to the above design. Outside the second layer flexure is a rigid structure that limits the stroke of the output displacement in the Y direction. When the PZT is not activated, the output node of the second layer flexure rests on the stroke limiting beam. The output node movement is also limited when an excessive tensile force acts on the output node. As the applied PZT voltage increases, the output node is pulled inward and is detached from the stroke limiting beam. The compliance characteristics associated with the cellular unit are shown in Fig. 4 . The compliance is variable in the sense that it can be either zero or some finite value c = 2/k. For simplicity of analysis, it is assumed that the compliance follows the ideal solid line curve. In reality, the hard stop imposed by the flexure still affords some finite compliance c f . Furthermore, the compliance will actually increase as the cell becomes contracted due to the geometric nonlinearity of the flexure. The nonlinearity is assumed to be negligible within the operation range 0 < y < y l . 
II. PRINCIPLES OF VARIABLE STIFFNESS PZT-CA

A. Design Concept
B. Stiffness Variation for an Array of Cells
where N OFF,j is the number of units in the jth branch which are OFF. Eq. (1) shows that the equivalent stiffness of the entire assembly can be tuned to various values by recruiting the appropriate numbers of cells for each serial connection. Notice that the equivalent stiffness of a branch is uniquely determined by the number of OFF units in that branch. For a given array of ON-OFF units, the distribution of recruited cells (ON state cells) must satisfy certain conditions to meet the total force and displacement requirements. These requirements will be analyzed in the following section.
C. Static Force-Displacement Analysis
For a general parallel connection, let f p,ij be the internally generated piezo force and V ij the voltage applied to the piezo stacks of the ijth unit. The piezo force is modeled with the linear relationship
where β 1 is the voltage to force transduction constant for each cell, which depends upon the amplification flexure design and the material. β 2 is an equivalent parallel stiffness that determines the maximum allowable inward displacement of the force generator in each cell. The force F A,j in each branch consists of a strictly tensile preload force F PL,j and an allowable bipolar deviation from the preload In order for an individual cell to be ON, the applied voltage must satisfy the inequality
Eq. (3) 
where α ij is the activation Boolean defined by
The maximum total displacement (α ij = 1 for all i, j) is given by
Observe that the maximum total displacement is proportional to N s , β 1 , and max PZT V , but it is inversely proportional to β 2 and k. Furthermore, if the total actuator load F A is borne by several units in parallel, then Y T, max will also increase. One may envision a host of other connection topologies for the PZT-VSCA. Each connection topology must satisfy a set of excitation and kinematic constraints (i.e. capability to turn ON and avoiding hitting the hard stops). The constraint equations previously formulated for parallel arrangements may be readily extended to include other connections.
III. APPLICATION OF PZT-CA TO RESONANT SYSTEMS
In the previous section, the actuator relationships were developed for static equilibrium and low frequency motion (e.g. a decade below the first resonance of the assembled system). In this section, the variable stiffness actuator is described in terms of its dynamic, rather than static, properties.
One unifying trait among robotic systems is that task space motions are often periodic. The requirement for repetitive motion is especially apparent in the field of mobile robots, where energy efficiency is paramount in the design. When the frequency content of a robot's motion lies within a narrow band, then it may be beneficial to utilize mechanical resonance to dynamically amplify displacements and improve efficiency. To elucidate the key design parameters, a single cell dynamic model is formulated and then extended to include serial connection dynamics. 
A. Single Cell Dynamic Model
The general model shown in Fig. 3 for an individual cell must be modified to account for the differential displacement and mass m that become prominent model parameters near resonance. The augmented schematic model of the cell is shown in Fig. 6 . The mass m in the figure is rigidly situated inside the stroke limiting mechanism and the displacements are given subscripts p and d to indicate proximal and distal, respectively. The proximal displacement is the displacement closer to the ground connection point, while the distal displacement is closer to the load connection point.
The same conditions in (3) must still be satisfied by each ON cell, but the required caveat is that F now arises from time varying d'Alembert forces. Hence, a larger preload may be required to avoid OFF cells experiencing zero net tension. For simplicity of analysis, it is assumed that all cells encounter only net tensile forces and that the minimum voltage requirement is met for ON cells. 
B. Serial Connection Clustering and Dynamics
The model in the previous subsection is now analyzed within a cellular assembly. For any VSCA arrangement, the dynamic behavior of the actuator and load can vary significantly depending upon the distribution of ON-OFF states. This trait is central to the VSCA approach. For clarity, the discussion of resonance tuning is restricted to serial connections. However, the following analysis may be readily extended to include parallel and antagonistic connections. In order to correctly establish the generalized coordinates for a serial connection of cells, the cells must first be grouped or clustered according to the activation states α i .
As an example of the clustering scheme, consider the serial connection in Fig. 7 . The cluster index is denoted by q with the total number of clusters denoted by N c . The cluster set is defined as the ordered indices of the cells in the cluster. Each cluster receives a generalized coordinate Y q . Fig. 7 shows that the first cell in the chain (i = 1) is OFF (α 1 = 0) and it is connected directly to ground. Therefore, this cell does not participate dynamically but instead moves the ground to the point between cells 1 and 2. Thus, cell 1 is not counted as a cluster. Cell 2 is ON and therefore cell 2 participates as both a mass and stiffness as shown in the right hand portion of Fig. 6 . Cells 3 and 4 are both OFF, which implies that they translate together as a mass 2m. Finally, the last unit in the chain, cell N s , is ON and this cell behaves as both a mass and stiffness. It is interesting to note that this system will have the same static behavior as any other system having the same number of OFF units. However, the appropriate clustering of cells must be performed because both the dynamics and system order are highly dependent upon this grouping.
Once the clustering is complete, the system will be represented as shown in Fig. 8 . To facilitate the discussion, the load on the actuator will be a mass m L connected to the ground through a linear spring k L . Also in Fig. 8 , the coordinate Y L has been introduced to characterize the load position for the case when α Ns = 1. The notation n(C q ) denotes the cardinality of the qth cluster set, which determines the equivalent mass that the cluster contributes to the kinetic energy. The interconnection stiffness k q may be established from the following logic expression:
The elastic potential energy V in the system is the sum of an internal energy term V I and an energy term V B that depends upon the state of the last cell in the serial chain. The internal energy is
and the boundary energy is
Similarly, the kinetic energy T is the sum of an internal energy term T I and a boundary term T B , where The total mechanical energy, given by the sum of (8) to (11) , is sufficient to obtain all of the system natural modes. Denoting the generalized coordinate vector by {Y}, the system stiffness and mass matrices are the Hessians
In general, the serially connected system may exhibit N c natural modes when α Ns = 0 and N c +1 natural modes when α Ns = 1. Although a large number of modes may exist, the fundamental frequency ω n1 and fundamental mode shape are of the most design relevance. Therefore, after obtaining the matrices in (12), the first eigenvalue and first right eigenvector of the dynamic matrix [M] -1 [K] are readily obtained for use in design.
C. Design Example
As an example of serial connection dynamic behavior, consider Fig. 9 , which shows all possible combinations of ON-OFF states for three cells connected to a spring-mass load. Within Fig. 9, consider the case where α = [1 0 0] T . The two cells closest to the load are connected rigidly when they are in the OFF state and therefore they participate in the dynamic motion only as mass 2m. Moreover, the dynamics for α = [1 0 0] T is third order while the base case α = [1 1 1] T is fourth order because all mass and stiffness elements are active in the system.
A dimensionless stiffness k is defined as the individual flexure stiffness normalized by the load stiffness:
Likewise, the dimensionless mass is the mass of a cell normalized by the load mass:
/ L m m m . Note that k and m are parameters determined by the flexure design and the properties of the driven load. Table 1 shows the first natural frequency of the systems in Fig. 9 relative to the original system fundamental frequency . Also, suppose that the inherent resonant frequency of the load must be increased by 91% to achieve the desired output periodic motion. From Table I , with α = [1 1 0] T , the first natural frequency of the system does indeed increase by 91% over the load's inherent natural frequency. Taking m L as 300 g and k L as 0.8 N/mm, the flexure system must be designed so that each unit has m = 30 g and k = 0.4 N/mm. These values are representative of the current cellular actuator prototype. The inherent natural frequency of the load is 51.6 rad/s while the desired resonant frequency is 91% higher at 98.9 rad/s. A centralized controller then imposes the state α = [1 1 0]
T and excites the system at the new resonant frequency using V pzt (t) = V o sin(ω n1 t), where V o is selected to simultaneously achieve the desired output amplitude and satisfy the constraint in (3).
The theoretical results of the frequency response from input piezo force to output load displacement are shown in Fig. 10 . Notice that the fully assembled system has three natural modes because there are three clusters and the unit adjacent to the load is OFF. This example has shown that the resonant frequency of an actuated system may be widely tuned by simply changing the frequency of the driving input and the set of activation states. This variable resonance behavior allows the actuator to meet wide ranging design specifications for the motion output. 
IV. CONCLUSIONS
The design presented in this paper uses a novel concept of a PZT-VSCA. The procedures and relations presented are broadly applicable to variable stiffness static systems as well as resonant systems undergoing periodic motion. Models and design examples have been used to illustrate the approach and to motivate further study and experimentation.
In the first portion of the paper, the PZT-VSCA was shown to meet low frequency demands for variations in equivalent stiffness. The equivalent stiffness is determined by the number of OFF units in an actuator strand. In the second portion of the paper, the actuators were shown to meet high frequency demands for both variable stiffness and inertia. The proposed design uses the inherent compliance and mass properties of the actuator along with different cell recruitment patterns to vary the dynamic properties of the loaded system. The analysis demonstrated that a useful application of the actuators is to tune a resonant frequency to meet design specifications (e.g. a percentage increase or decrease in the inherent load natural frequency). Even under changes in load structure or properties, the output motion amplitude can be tuned to a resonance condition so that the dynamic load displacement greatly exceeds its static amplitude. This approach is especially appealing because power consumption and force transmissibility are excellent when operated under the resonance condition. A forthcoming publication will include the experimental results augmenting the theory presented in this paper.
